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Abstract

Linear combination of unitaries (LCU) is a fundamental primitive in quantum algorithms,
whose cost is typically governed by the most expensive unitary appearing in the combination.
We develop a transducer-based LCU framework that reduces this worst-case dependence to a
weighted average query complexity, when the constituent unitaries share access to a common
set of primitive oracles.

Consider A = Zj ¢;U;, where ¢; > 0 and each unitary U; can be implemented using
C; primitive queries. Given an upper bound a > ||A||, our algorithm implements a block-
encoding of A/« with rescaling factor o = O(a), using O(Cpax + CA/a) primitive queries,
where X = 7. ¢, Cmax = max; Cj, and C = 7. ¢;Cj/A. By comparison, the standard
LCU construction requires (5(Cmax)\ /a) primitive queries. The improvement can therefore
be substantial when costly unitaries have small weights and A/a is large. As applications,
we obtain improved block-encodings of sparse matrices, leading to quantum algorithms
for sparse Hamiltonian simulation and quantum linear systems with near-optimal query
complexity up to polylogarithmic factors in all relevant parameters.

Our main technique is the transducer framework developed by Belovs, Jeffery, and Yolcu
[Quantum, 8:1444 (2024)]. Here we develop a complementary operator-level theory tailored
to block-encodings. We identify the resolvent norm K as a key complexity measure for trans-
ducer implementation besides the existing catalyst complexity. We show that the transducer
action can be converted into an e-approximate block-encoding using only O (K log(1/¢))
queries to the transducer, improving the precision dependence from polynomial to logarith-
mic.
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1 Introduction

A fundamental challenge in quantum algorithm design is to harness unitary quantum dynamics
to manipulate the broad class of non-unitary operators that arise across a wide range of sci-
entific applications. Linear combination of unitaries (LCU) provides a simple and remarkably
versatile solution to this problem by embedding such operators into larger unitary transfor-
mations, and has consequently become a basic primitive underlying a wide range of quantum
algorithms, including quantum linear system solvers [1], Hamiltonian simulation [2, 3], differen-
tial equations [4-6], quantum walks [7, 8], ground state preparation [9-11], quantum eigenvalue
transformations [12, 13], etc. It also serves as one of the basic building tools for constructing
block-encodings used in quantum singular value transformation (QSVT) [14], a general frame-
work for polynomial transformations of matrices.

The basic LCU construction [15] is conceptually simple. Suppose that A = ;¢Uj, where
¢; > 0 and each Uj is an efficiently implementable unitary, and let A = Z]- ¢j. One first
prepares an ancilla state whose amplitudes encode the square root of the coefficients, ,/cj, and
then applies a controlled selection operation (commonly called the select oracle) > |j) (j| @ Uj.
Uncomputing the ancilla yields a larger unitary whose appropriate block is exactly A/A. In this
way, a generally non-unitary operator A is embedded into a unitary quantum circuit and can
subsequently be manipulated using standard quantum algorithmic primitives.

The efficiency of this construction, however, is determined not only by the normalization
factor A, but also by the cost of implementing the controlled selection operation. To be more
exact, suppose each U; costs Cj and under reasonable model assumptions, >, |j) (j| ® U; can




be implemented in cost O(Cax) With Ciax = max; C;.! Given a known upper bound a > || A]|
with 0 < a < A, standard LCU followed by singular value amplification [14] constructs an
O(a)-normalized block-encoding at a query cost of O(CpaxA/a).

One may realize that the coefficients of an LCU naturally define a probability distribution
over its constituent operations. Indeed, writing p; = ¢;/A, a classical randomized procedure
that selects the j-th operator with probability p; would lead to the expectation A/, incurring
the expected query cost C = Y j pjC;. Thus LCU carries an intrinsic weighted-average notion
of complexity. This average-cost structure is, however, largely lost in the standard coherent
implementation of LCU. The select operation must implement all constituent operations coher-
ently and is therefore typically governed by the worst-case cost Chhax. A natural question is
whether one can retain quantum coherence while recovering the weighted-average cost inherent
in the LCU decomposition.

In this work, we identify a general weighted-cost principle for LCU by developing a transducer-
based LCU framework. Specifically, we reduce the standard LCU cost from O(CraxA/a) to
O(Cuax + CA/a). Therefore our approach can be advantageous when the high-cost unitaries
have small coefficient weights and the coefficient 1-norm is much larger than the spectral norm
of the matrix A. As applications, we obtain an improved block-encoding of sparse matrices,
which in turn yields quantum algorithms for sparse Hamiltonian simulation and sparse linear
systems with query complexities matching the lower bounds of [16-18] up to polylogarithmic
factors.

1.1 Results
1.1.1 Main result

Our main result gives a general LCU construction whose normalization can be reduced at a cost
determined by the weighted average of the constituent query complexities.

Result 1.1 (Transducer-based LCU, informal version of Theorem 4.2). Let U; be unitaries that
can be implemented by C; queries to a fized set of primitive oracles. Let A = Z}‘]:_ol c;U; with
coefficients ¢; > 0, and suppose that an upper bound a > ||Al| is known. Then, there exists an
algorithm that implements A/a with o = O(a) up to error O(e), using

o ()32 (1)) )

queries to the primitive oracles, where A = Z}]:—ol ¢j, Cmax = max; Cj, C = (Zj:_ol c;C5) /.

Result 1.1 requires two conditions. First, the circuits for U;’s are related in the sense that
their oracle calls belong to a common family that can be selected coherently (called shared
primitive access assumption, as specified in Assumption 2.1). While excluding the most general
case when all the unitaries are unrelated, this condition can be satisfied in many practical
scenarios, such as the quantum phase estimation circuit, and the Hamiltonian simulation and
linear system algorithms that we will discuss in Section 1.1.2. Second, an upper bound of ||A||
should be known a priori. Although we may simply take a = A, such a choice cannot lead to a
genuinely improved query complexity as being discussed in Section 1.3.

In fact, the main improvement concerns the cost of reducing the normalization from A to
O(a). In the standard construction of LCU, it requires repeated uses of the entire select oracle,
each costing the most expensive complexity Cpax. In our algorithm, the repeated cost is the
averaged cost C, while Cpax appears only as an additive contribution. The saving can therefore
be substantial when expensive unitaries carry small coefficient weights and A/a is large. The

'But generally, the cost is Zj Cj, here we assume it is dominated by the worst unitary for simplicity. This is
also the common scenario in practice.




additive term also makes clear that our result does not imply that an arbitrary constituent
circuit can be implemented at its average cost.

Our Result 1.1 applies more generally to A = Z}]:_ol c;jA;, where A; are general matrices
supplied through their block-encodings. This general formulation allows our algorithm to be
used as a subroutine in other algorithms based on block-encodings, such as the sparse matrix
calculations considered in this paper.

1.1.2 Applications

We apply our transducer-based LCU to construct a block-encoding of a sparse matrix, which
then serves as the common input model for sparse matrix functions such as Hamiltonian simula-
tion and quantum linear system solving. We use the standard sparse-access model, with oracles
that return the locations and values of nonzero entries. For the applications below, we consider
Hermitian matrices with unit spectral norm.

Result 1.2 (Block-encoding of a sparse matrix, informal version of Corollary 5.4). A block-
encoding of a d-sparse mnormalized matriz can be constructed with O(1) rescaling factor and
O(v/d polylog(d/e)) queries to its standard sparse access oracles.

Result 1.2 gives a block-encoding whose rescaling factor remains constant while the number
of sparse oracle queries grows only as v/d, up to poly-logarithmic factors. A constant rescaling
factor is useful because it avoids introducing an additional sparsity dependence into subsequent
matrix transformations. The construction therefore provides a reusable representation of the
matrix, with the query savings available to any algorithm that uses this block-encoding.

Our first application of this representation is Hamiltonian simulation. For a normalized
Hamiltonian A, the goal is to implement e *4T for a time 7. Combining the sparse block-
encoding with quantum singular value transformation (QSVT) [14] yields nearly linear depen-
dence on the evolution time 7', with each use of the block-encoding costing (’)(\/3) sparse oracle
queries.

Result 1.3 (Near-optimal sparse Hamiltonian simulation algorithm, informal version of Theo-
rem 5.5). There ezists a quantum algorithm which simulates a d-sparse normalized Hamiltonian
to time T with error at most O(e), using O(vVd T polylog(dT'/€)) queries to the Hamiltonian
sparse oracle.

For a general Hamiltonian, a known spectral norm bound can be absorbed into the evolution
time by rescaling. The leading v/d T dependence matches the worst-case lower bound of [16] up
to polylogarithmic factors. Thus Result 1.3 is near-optimal in its joint dependence on sparsity
and time, and the accuracy dependence achieves a polylogarithmic scaling.

The same block-encoding can also be combined with quantum linear system solvers. Given
an invertible d-sparse Hermitian matrix A with ||A| = 1, condition number x = [|A||||A7!]],

and a normalized right-hand-side state |b), the goal is to prepare the normalized solution state
ATHB) /AT (b))

Result 1.4 (Near-optimal sparse linear system algorithm, informal version of Theorem 5.6).
There exists a quantum algorithm which solves the quantum sparse linear system problem Ax =
|b) with error at most O(¢), using O(Vd kpolylog(dk/e)) queries to the matriz sparse oracle
and O(k/||A71|b) ||) queries to the right-hand-side state.

In Result 1.4, the matrix-query bound has leading dependence v/d & polylog(1/e€), matching
the joint lower bound of [18] in all parameters up to polylogarithmic factors. This dependence
can follow from using our block-encoding in any existing quantum linear system solver whose
matrix-query cost is nearly linear in x and poly-logarithmic in 1/e. Here we use the tunable
variable-time amplitude amplification (tunable VTAA) algorithm of [19], which not only yields




the desired matrix query complexity but also gives the O(x/||A~! |b) ||) scaling for the number of
preparing |b), matching the lower bound for the state preparation cost also established in [19].
The ratio x/||A~1|b) | lies between 1 and x and can be much smaller than x, making this
distinction useful when preparing |b) is expensive. In summary, our sparse block-encoding
improves the matrix query complexity while preserving this favorable dependence on right-
hand-side preparation.

In this work, we study only two representative applications of Result 1.2 in detail. More
generally, when combined with QSVT, Result 1.2 leads to improved quantum algorithms for
general functions of sparse matrices, yielding a near-quadratic improvement in the dependence
on sparsity compared with the algorithm of [20]. Moreover, by combining the low bound tech-
niques of [16, 20], one can show that the square-root dependence on the sparsity is indeed
optimal.

1.2 Overview of the algorithm

The guiding idea is to retain the intermediate stages of the constituent circuits throughout the
LCU construction. To this end, a convenient way is through the transducer, which was proposed
in [21] and recently received rapidly increasing attention in quantum algorithm design [22-26].
In a transducer, its state space has a public part, which carries the desired input and output, and
a private part containing an auxiliary vector called the catalyst unchanged in the algorithm.
It is an idealization of the usual bounded-error quantum algorithm that can exhibit useful
properties such as efficient composition. Specifically, one can turn a circuit consisting of a
sequential composition of oracles into a large unitary transducer with only a constant number
of controlled oracle calls, similar to the select oracle in the standard LCU implementation.
Nevertheless, the overall complexity, instead of being reduced to a constant level, is transferred
to the norm of the catalyst, which may exhibit the average cost among the unitaries.

Our LCU algorithm uses this representation in three steps. For clarity, we describe the
Hermitian unitary case. The usual Hermitian dilation extends the construction to general
matrices, and a complete technical overview of our algorithm is given in Section 4.2.

Step 1: Combine the constituent unitaries as transducers. We first represent each
unitary Uj, consisting of sequential oracle calls, by a transducer S; whose catalyst
contains its intermediate states. A single application of S; coherently calls the oracles
in parallel (like the select oracle in standard LCU). We then combine them coherently
using coefficient amplitudes proportional to ,/cj, so the squared size of the combined
circuit histories is governed by C. A simple phase operation turns the construction
into a transducer whose public action is the Cayley transformation of A/(4)), defined
as Cay(A/(4)\)) = (I —iA/(4)\))(I +iA/(4)))~L. Notice that here the rescaling factor
of A is still on the order of the 1-norm of the coefficients in LCU.

Step 2: Recover the target linear combination and improve its normalization. We
next design a QSVT circuit that approximately inverts the Cayley transformation
and amplifies the resulting block from rescaling factor O(A) to O(a). The length
of such a QSVT circuit is L = O((A/a)log(1/¢)), the degree of the polynomial for
approximate inverse Cayley transformation and amplification. Crucially, we do not
actually implement this QSVT circuit, but assemble a transducer for this entire circuit
in a similar way as we perform in Step 1. The public action of the resulting transducer
is a block-encoding of A/(16a), and the amplification ratio A\/a enters the complexity
through the catalyst norm, which is multiplied only on the average cost.

Step 3: Convert the transducer to the standard block-encoding. The catalyst is a
mathematical description of the computation and need not be prepared. In the stan-
dard procedure [21], one may instead start with zero amplitude in the private part,




distribute the input coherently among labelled public sectors, and repeatedly apply the
transducer while reusing the same private space. Recombining the public sectors gives
an approximate implementation of the desired action. However, the basic construc-
tion converges only algebraically with the number of repetitions, leading to polynomial
dependence on 1/e. To improve the accuracy dependence, we leverage the idea of ex-
trapolation, which is a widely used methodology for constructing high-order numerical
methods from lower-order ones in both classical numerical analysis and quantum al-
gorithm design. Specifically, we linearly combine multiple circuits from our algorithm
with different transducer repeats at the final stage to cancel low-order error terms,
leading to an approximation of the block-encoding of A/(16a) with exponentially re-
duced error.

The complexity then follows from keeping track of two different contributions. The longest
constituent circuit sets an initial scale O(Chax), while composing L uses of the Cayley trans-
formation in Step 2 adds O(LC). High-order extrapolation in Step 3 incurs one further factor
of log(1/€). The resulting primitive query cost is therefore O((Cmax + LC)log(1/e)), which
gives the claimed scaling in Result 1.1. At the technical level, the quantity controlling the final
conversion is the resolvent norm of the private part of the transducer (see Theorem 3.5). Its
composition bound (see Corollary 3.3) is what allows the longest circuit to contribute additively
while the amplification cost accumulates with the weighted average.

Sparse matrix applications. For a sparse matrix A with ||A| < 1, motivated by [16], we
start with a useful decomposition A = Z;'n:o Aj that groups matrix entries according to their
magnitudes, with adjacent thresholds differing by a factor of two. Then we block-encode each
component A; by the standard sparse matrix block-encoding with amplitude amplification [16],
and finally linearly combine them by our transducer-based LCU. This gives a block-encoding of
the original sparse matrix A with O(1) rescaling factor. See Section 5.1 for a detailed description
of this approach.

The overall sparsity dependence is only square root, up to polylogarithmic factors, for the
following reason. In a sparse matrix, small entries can be numerous, whereas a bound on the
Euclidean norm of each column limits how many large entries it can contain. This gives the
tradeoff that groups containing larger entries require more queries but have smaller rescaling
factors. These two effects compensate in the weighted sum of costs, which can be leveraged by
our transducer-based LCU. More specifically, for a matrix of spectral norm at most one, this
decomposition has A = O(Vd), Cmax = O(Vdlogd), and C = O((logd)?) (See Lemma 5.2).
Transducer-based LCU therefore gives a block-encoding with constant normalization using
O(V/d polylog d) queries.

With a block-encoding available, Hamiltonian simulation and linear system tasks can be
readily solved by any existing quantum algorithms. We obtain our Result 1.3 by combining
transducer-based LCU with QSVT for Hamiltonian simulation [14], and Result 1.4 by using the
tunable VTAA [19]. In Section 5.3, we also discuss the complexity of combining the transducer-
based LCU with the discrete adiabatic linear system solver [27], which is slightly better in the
number of matrix queries but has worse state preparation cost.

1.3 Related work and comparison

Standard LCU. The usual LCU construction prepares a coefficient state, applies the select
oracle, and unprepares the coefficient state [2, 15]. In the block-encoding formulation, it yields
normalization A, which can be reduced using singular value amplification [14]. Under the shared
primitive access assumption, a select oracle can be implemented using O(Chax) queries. Repeat-
ing it for amplification gives a cost O(CmaxA/a) for a constant error level. Our transducer-based
LCU replaces this multiplicative dependence by O(Cpax + CA/a).




Nevertheless, a more careful complexity comparison must take into account both the query
complexity, which directly affects the cost per run, and the rescaling factor, which determines
the success probability of necessary post-selection steps. In Table 1, we compare our transducer-
based LCU algorithm to the standard LCU with or without uniform singular value amplification.
In particular, we additionally present an “overall query complexity”, i.e., the product of the
query complexity and the rescaling factor, which can be a representative complexity estimate
when applying LCU on an input state and extracting the output state with amplitude am-
plification. The comparison in Table 1 hereby shows that our transducer-based LCU can be
advantageous when expensive unitaries are less weighted and the norm of the combined matrix
is much less than the coefficient 1-norm.

Method Query complexity per run | Rescaling | Overall query complexity
Standard LCU [15] O(Crmax) o) O(ACmax)
Standard LCU with amplification [14] O (Crnax2 log (1)) O(a) O (AChmaxlog (1))
Our work (Theorem 4.2) O (Cuaxlog (1) +2C (10g (1)*) | Oa) | O (aCumaxlog (1) + AT (t0g (1))*)

Table 1: Comparison with representative quantum algorithms for implementing A = Zj;ol c;U;. We
assume c; > 0, U; are constructed from a shared set of primitive oracles and oracle-independent gates,
and each U; has query complezity C;. The parameter a > || A|| is a known upper bound of ||Al|, A = _¢;
is the coefficient 1-norm (we assume a < A), Cpax = max; C; denotes the mazimum complezity, and
C = >-¢;Cj/X denotes the weighted average cost. The “query complexity per run” is the number of
oracle calls to construct a block-encoding of A, “rescaling” is the rescaling factor of this block-encoding,
and “overall query complezity” refers to the product of the former two columns, which is a representative
complezity estimate when applying LCU on an initial state with standard amplitude amplification.

Hamiltonian simulation. Among existing Hamiltonian simulation algorithms, quantum sig-
nal processing, qubitization and QSVT achieve optimal query dependence O(aT +1log(1/¢)) for
a given block-encoding with rescaling factor « [14, 28, 29]. With the standard sparse block-
encoding [14], the rescaling factor is O(d), and thus the query complexity to the sparse oracles
is O(dT + log(1/¢)), which scales linearly in the sparsity d. Compared to these approaches,
our algorithm almost quadratically improves the sparsity dependence, at the expense of extra
poly-logarithmic factors in 7" and 1/e.

For a sparse Hamiltonian simulation, ref. [16] proposes an algorithm through a decomposition
by entry magnitude and recursive interaction-picture simulation, obtaining O(v/d T'(v/d T'/€)°))
queries. Here the o(1) power represents extra sub-polynomial but super-logarithmic factors. Our
sparse Hamiltonian simulation builds on this decomposition, and further achieves a better com-
plexity by reducing the extra (v/dT)°") to polylog(dT') and improving the accuracy dependence
from super-logarithmic to poly-logarithmic. We would like to remark that this comparison con-
cerns the case when the matrix is normalized according to its spectral norm. In a more general
case without such a normalization, [16] appears to have a better norm dependence (i.e., the
matrix 1-to-2 norm) than ours (suggested by Theorem 5.3).

We summarize this complexity comparison in Table 2.

Quantum linear systems. Starting with the HHL algorithm [30], there have been substantial
works on quantum linear system algorithms with improved condition number and precision
dependence (see, e.g., [1, 27, 31-34]). Among them, the discrete adiabatic algorithm [27] and
the kernel reflection approach [34] achieve O(aklog(1/€)) block-encoding queries for ||A| =1
and normalization a. Combining these methods with a standard sparse block-encoding gives
a worst-case dependence linear in d. Our algorithm keeps the main track of the algorithm




Method Query complexity

QSP/Qubitization/QSVT [14, 28, 29] O(dT +1og(1/e))

Recursive interaction-picture simulation [16] | O((v/dT)*°M) /eo(1)

Our work (Theorem 5.5) O(VdT polylog(dT'/e))

Table 2: Comparison with representative quantum algorithms for sparse Hamiltonian simulation e~*AT .

Here A is a Hamiltonian with || A|| = 1 and sparsity d, and we assume access to its standard sparse oracle.
The parameter € denotes the target operator norm error.

unchanged, but only alters the construction of the block-encoding input model. This again can
almost quadratically improve the sparsity dependence at the expense of extra poly-logarithmic
factors in k and 1/e.

Alternatively, the work [19] separately improves query complexity to the right-hand-side
state using tunable VTAA. Combining their solver with our block-encoding preserves this benefit
while reducing the number of queries to the sparse matrix access. Recent algorithms also
refine the dependence on the spectral properties of a particular instance beyond its worst-case
condition number [35, 36], and our results address the complementary dependence on sparsity.

Tailored for sparse linear system solvers, the work [16] also already obtained square-root
sparsity dependence with subpolynomial overhead, namely O(vd k(v/d s/€)°M)). Our algorithm
achieves O(v/d k polylog(kd/e)), thus reducing the (vd x/€)°") overhead to polylog(dk/e).

We summarize these comparisons in Table 3.

Method Queries to the matrix oracles | Queries to the state preparation
Discrete adiabatic [27]/ Kernel reflection [34] O(dklog(1l/e)) O(dklog(1l/e))
Tunable VTAA [19] O(d rlog klog(log k/€)) O(k/||A7Lb) )
Recursive interaction-picture simulation [16] O((Vd k)1+oM) feolh)y O(k/||A7Lb) )
Our work (Theorem 5.6) O(Vd s polylog(dr/e)) O/ A1 DY )

Table 3: Comparison with representative quantum algorithms for solving linear system Ax = b. Here
A is a Hermitian matriz with ||A|| = 1, sparsity d, and condition number k. The right hand side b is a
normalized vector. We assume access to the standard sparse oracle of A, and the state preparation oracle
of |b). The numbers of queries to these different oracles are given separately in the latter two columns.
The parameter € denotes the target error in the normalized state measured by the vector 2-norm.

Transducers. The main technical tool of our algorithm is the transducer framework intro-
duced in [21], as a framework for quantum state conversion and composition, with costs that
reflect how subroutines are used. Very recently, several transducer-based quantum algorithms
have been proposed, including time-dependent Hamiltonian simulation [23, 24], Lindblad sim-
ulation [25], quantum walks [22] and ground state energy estimation [37]. Our work further
extends the applicable regime of the transducer framework to the fundamental LCU task. We
also establish two technical tools in the transducer framework with improved performance,
which might be of independent interest.

First, we develop a general high-order method that converts a transducer back into a stan-
dard block-encoding of its public action. The general implementation in [21] uses O(W/¢?) calls
to the transducer to achieve state error €, where W bounds the squared catalyst norm (which
can be roughly understood as the weighted cost). In contrast, if the private block T satisfies




that I — T is invertible, and a bound K > ||(I — T)7!|| on the resolvent is known, our con-
struction establishes an O(K log(1/¢€)) complexity. This achieves an exponential improvement
in precision, but the norm dependence is changed from W to K, the norm of the resolvent and
might be worse than the catalyst norm in the worst case. For our LCU construction, however,
the resolvent bound retains the weighted cost and enables logarithmic precision dependence.
Notice that such an exponential improvement has been previously achieved in [23], while relying
more delicately on the specific structure of the matrices.

To bound the resolvent norm K throughout the algorithm, we develop a more detailed
analysis on the transducer of unitary and/or transducer composition in Section 3.1. This extends
the result in [21] with a complementary operator-level theory tailored to block-encodings and a
rigorous norm bound on the resolvent.

Besides technical tools, we also describe a simple Schur-complement interpretation of trans-
ducers. Roughly speaking, a transducer embeds the desired transformation into a larger unitary
system, from which the effective operation is recovered by eliminating auxiliary variables. This
viewpoint connects the transducer framework to standard Gaussian block elimination in linear
algebra and provides useful intuition for both its composition rules and our complexity analysis.

Concurrent work. Bravo-Prieto, Harrow, and Kothari [38] obtain the optimal sparse-matrix
query complexity O(kv/dlog(1/€)) for quantum linear systems problem. They also construct
a block-encoding of any d-sparse Hermitian matrix with spectral norm at most one, using
O(vdlog(1/¢€)) queries. Their method directly block-encodes an enlarged linear system whose
inverse contains the desired operator or solution, further removing extra poly-logarithmic factors
compared to our Result 1.2 and Result 1.4. Our main result addresses a different task of linear
combinations of matrices, which applies beyond sparse-matrix access and provides a weighted-
cost LCU primitive, together with resolvent bounds and high-precision transducer conversion.

1.4 Organization

The remainder of this paper is organized as follows. Section 2 introduces the problem setting
and reviews the basic tools of quantum linear algebra and transducers, together with a Schur-
complement interpretation of the transducer framework. Section 3 develops the transducer
toolkit used throughout the paper, including composition rules with resolvent-norm bounds
and a high-order finite-reuse procedure for converting a transducer into a block-encoding of its
action. Section 4 presents the transducer-based LCU algorithm and its complexity estimate.
Section 5 applies the framework to sparse matrices, deriving an improved sparse block-encoding
and its applications to sparse Hamiltonian simulation and quantum linear systems. Section 6
concludes the work with potential future directions.

2 Preliminaries

In this section, we define the goal and conditions of the linear combination of matrices task
considered in this work. We also review some basic concepts and results in quantum linear
algebra and transducers, which will be the building blocks of our algorithm.

2.1 Problem setting

Consider a linear combination of matrices in the form of

J—1
A = ZCjAj' (2)
7=0




Here A;’s are general matrices, and c;’s are positive real coefficients?. The main task of this
work is to construct a block-encoding of A.

We assume access to the block-encoding U; of A;/a; with normalization factor o > [|A;].
Additionally, we make an important assumption that U; are related in the following sense.

Assumption 2.1 (Shared primitive access). The circuits of U; have known descriptions with
Cj calls to a fized finite family of primitive oracles. Specifically, each U; has decomposition
U; = Gg-cj}Qg-Cj}~--G£-1]Q£.1]G£.0], where ng] ’s are known oracle-free unitaries, ng] belong to
a fized finite primitive oracle family and its adjoints, and assume that the coherent operator
>k 0 k) (U k@ ng] can be implemented with O(1) primitive queries.

Throughout this work, the query complexity is counted as the number of queries to the
primitive oracles in Assumption 2.1. This assumption allows the circuits U; to have different
lengths and oracle-free gates while sharing a fixed family of primitive oracles. It requires their
next primitive call to be selected coherently from the labels using O(1) queries.

Assumption 2.1 is natural in many structured settings. For example, the quantum phase
estimation circuit consists of the controlled U7 applications for the unitary U, and the circuits
U; = UJ satisfy our shared primitive oracle assumption. Another example is multiple QSVT
circuits based on a common block-encoding Uy, which may have different polynomial degrees
and phase sequences, but their oracle calls use only Uy and U:{I [14]. With controlled access to
these primitives, they satisfy the assumption.

This setting also includes the main applications considered in this work. In both sparse
Hamiltonian simulation and sparse linear-system solving, the relevant block-encodings are ulti-
mately constructed from the same sparse-access oracles of the input matrix. Thus the family
of circuits appearing in these applications naturally shares a common primitive-query interface
and satisfies Assumption 2.1. The assumption therefore does not require the U;’s themselves
to have the same circuit structure; it only requires their oracle-dependent components to arise
from a common coherently accessible set of primitive oracles.

For the coefficients, we assume that they are known in the sense that preparing a quantum
state encoding the information of ,/c; is efficient. For arbitrary unstructured coefficients, such
a state can be prepared using O(J) elementary gates by standard generic state-preparation
procedures [39], while substantially more efficient implementations are possible when the coef-
ficients possess additional structure [40]. Nevertheless, they are independent of the primitive
oracles for Uj, so the usage of the coefficients will not be counted in the query complexity.

In the remaining part of this work, we will only consider the special case where both A;
and U; are Hermitian. This additional assumption does not sacrifice the generality due to the
Hermitianization technique [32]. Specifically, append one dilation qubit and let

Zj=o><1®Aj+rl><or®A§=<jt "é) 3)

and
U; = 0) (1] @ U; + 1) (0] ® U] (4)

Then A is Hermitian, and U is a Hermitian unitary. Furthermore, we have (I ® (0| ® I )U (I®

0)®I) = A; i/, ie. U] is a Hermitian block-encoding of A; i/ after reordering the sub-blocks.
Therefore, once we know how to implement the linear combination of Hermitian matrices via
their Hermitian block-encodings, we can directly obtain a block-encoding U of A/a with

ZCJA—(O ‘3) (5)

2The positive real assumption does not lose generality, as the phase factor of any potential complex coefficients
can be absorbed in the matrix A;.
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Then U (X ®I) (and regarding the dilation qubit as the ancilla qubit as well) gives the desired
block-encoding of A.

2.2 Quantum linear algebra primitives

Block-encodings provide a standard way to represent a possibly non-unitary operator as a block
of a larger unitary, enabling one to apply quantum algorithms, such as QSP and QSV'T, to gen-
eral linear operators. The notion was implicit in earlier Hamiltonian simulation algorithms [29]
and was later formalized in [14, 32]. We use the following standard definition.

Definition 2.2 (Block-encoding). Let A be an s-qubit operator, o,e € R>g and a € N. An
(s + a)-qubit unitary Uy is called an («, a, €)-block-encoding of A, if

A —a-((0°] @ DHUAI0Y) @ )| <e. (6)

U = <A£ a :) . (7)

For a unitary decomposition A = Z}‘]:_ol c;Uj, the standard LCU [2, 15] framework yields a
block-encoding of A as follows.

Intuitively,

Lemma 2.3 (Standard LCU). Let A = Zj o ¢;Uj, where each Uj is unitary, ¢; > 0 and
c= Zj cj. Let V' be a unitary such that

V]0) = Z\F 1) - (8)

Then the quantum circuit
J—-1

vien(> o ulet;) Ve 9)
§=0
is an (¢, [log J1,0)-block-encoding of A. It uses one application of V, VT, and one controlled
application of each U;.

Given a block-encoding of a Hermitian matrix, QSVT allows one to implement polynomial
transformations of it.

Lemma 2.4 (QSVT, Theorem 56 of [14]). Suppose that U is an (a,a,€)-block-encoding of a
Hermitian matriz A. Let P € R[x] be a degree-d polynomial satisfying |P(z)| < 1/2 for all

€ [—1,1]. Then there is a quantum circuit U, which is a (1,a+ 2 4d\/€/70£ -block-encoding of
P(A/a), and consists of d applications of U and U', a single application of controlled-U and
O((a+1)d) other one- and two-qubit gates.

2.3 Transducer

A transducer represents a unitary transformation through a unitary S acting on a direct sum of
public and private spaces. It transforms the public input as desired while returning an input-
dependent private vector, called the catalyst, unchanged. Here we give a formal definition of
the transducer framework of [21].

Definition 2.5 (Transducer). Let Hpub and Hpriy be two finite-dimensional Hilbert spaces. A
unitary S : Hpub B Hpriv — Hpub © Hpriv s called a transducer of V' : Hpup — Hpub, if there
exists a linear mapping I' : Hpuw, — Hpriv such that

SWeTy)=VyaTy, Y€ Hpw. (10)

11



Here Hpup and Hpiy are called the public and private spaces, respectively. We call V' the
public action, T'y) the catalyst, and T" the catalyst map. The catalyst vector is returned un-
changed by S. For a fixed choice of catalyst map I', we define the input-dependent transduction
complexity and its worst-case value by

W(S,¢) = |Tel?,  w(S):= ”zﬂglw(&w = || (11)

When the catalyst map is not unique, these quantities refer to the specified choice of I'. The
catalyst serves as a mathematical witness and need not be prepared. The following result
approximately implements the public action using repeated applications of the transducer 5,
without access to I

Lemma 2.6 (Transducer implementation, Theorem 5.5 of [21]). Let S be a transducer with
public action V' and catalyst map I'. For every integer N > 1 and initial state 1)) € Hpup, there
is a quantum circuit that outputs |T) such that

W(S, )
llT) = VIl < 24/ —<— (12)

The circuit uses N controlled applications of S and O(N) other elementary operations.

From the above result, implementing V to additive error e requires O(W/€?) calls to S.
Later, in Theorem 3.5, we give a different implementation whose precision dependence is only
logarithmic when the private-block resolvent is suitably bounded.

Some basic properties of the transducer directly follow from its definition.

Lemma 2.7 (Basic properties of a transducer). Let S be a transducer of V' with catalyst map
T', and its matriz representation under the standard basis is

sz<g g) (13)

Suppose that I — T is invertible, and define
K(S) = -1)7"]. (14)
Then:
1. The action V is unitary, and has the representation V =D + E(I —T) 1 B.
2. The catalyst has the representation I' = (I — T)"'B
3. We have the following identities: E(I—T)™' = VIT, and TTY = (I-T)" '+ (I -TT) "' -1.
4. w(S) <2K(S) - 1.

Proof. The proof follows from elementary block-matrix manipulations together with the uni-
tarity of S. By definition, for every ¢ € H,, we have

vy _ (VY
s (Pw) - (w>. (15)
Since S is unitary, ||¢[|?+||T9||? = [V ||? + ||T% ||, and hence ||V4)|| = ||¢|. Thus V is unitary.

Writing the defining relation blockwise gives

D+ET=V, B+Tr=T. (16)

12



The second identity gives I' = (I — T)~!B. Substituting this into the first identity yields
V =D+ E(I —T)"'B. Since S is unitary,

VY (G
st <w> = <w> : (17)
The second block equation gives EfV + 7T =T, and so E(I — T)~' = VI,

Let R:= (I —T)"'. Since I' = RB and S is unitary, the lower-right block of SST = I gives
BBT +TT" = I. Hence I'TT = RBB'R' = R(I — TT"R'. Using I - TT' = (I - T) + (I —
TH) — (I -T)(I —T?"), we obtain I'TT = (I —T)~' + (I —TT)~! — I. Finally, since TT" is positive
semidefinite,

w(S) = ”m”aX1<J;,FFTa:> = ”m”ax1 (2Re(z,Rz) — 1) < 2||R|| — 1 =2K(S) — 1. (18)
This proves the claimed bound. O

2.4 Schur-complement interpretation of transducers

The algebraic structure underlying a transducer is essentially a Schur-complement reduction.
Schur complements form a classical and extensively studied subject in matrix analysis, with
applications ranging from block Gaussian elimination and matrix inversion to numerical linear
algebra, optimization, probability, control theory, and effective operator constructions [41].
From this viewpoint, the transducer action can be understood through the effective operator
obtained by eliminating the private variables. This perspective provides a unified interpretation
of many of the basic identities and composition rules used below.

Let
S = (g g) (19)

be a transducer and assume that I — T is invertible. The defining relation

() ()

admits a natural interpretation in terms of block elimination. Indeed,

(I-5) (1;"39) _ <(I _OV)$) . (21)

This means that eliminating the private component amounts to taking the Schur complement
of the lower-right block I — T in I — S. Explicitly,

Schur;_7(I —S)=(I—-D)— (-E)I-T) Y(-B)=1-V. (22)

In other words, I — V is precisely the reduced operator obtained by eliminating the private
variables from I — S, while V' is the corresponding action of the transducer on the public space.

Concretely, for a given public vector x, the second block equation uniquely determines the
private vector that must accompany it, y = (I —T)~!Bx = I'z. Substituting this solution into
the first block equation then yields the reduced action on the public space. This is precisely the
usual interpretation of the Schur complement: one first solves for the variables to be eliminated
and then substitutes them back to obtain the effective equation for the variables that are
retained.

The preceding relation can equivalently be written as the block elimination identity

<é E(I—IT)1> (I—5) = (I_—Bv IET> | (23)
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Thus, by eliminating the private variables, I —.S is reduced in a single block Gaussian elimination
step to a block-triangular matrix whose diagonal blocks are I —V and I —T'. In this sense, the
reduced operator I — V, and hence the action V of the transducer on the public space, arises
directly from block Gaussian elimination of the private variables.

This also clarifies the roles of K (S) and the catalyst map I'. The matrix I — T serves as the
pivot in the block elimination, with K (S) = ||(I —T)~!|| measuring the worst-case amplification
in solving (I — T)y = b. By contrast, I' = (I — T)~!B restricts this inverse to the particular
right-hand sides Bx generated by the public variables. Equivalently, I' is the back-substitution
map that reconstructs the corresponding private component, y = I'z.

The Schur determinant formula also gives

det(I — S) = det(I — T)det(I — V). (24)

Since I —T is assumed to be invertible, det(I —S) = 0 if and only if det(I — V') = 0. Equivalently,
from (21) the eigenspaces of S and V' corresponding to the eigenvalue 1 are naturally isomorphic

e () o

So dimker(I — S) = dimker(I — V). This is also a standard feature of Schur-complement
reduction: eliminating part of the variables retains the spectral information relevant to the
remaining variables. In the present setting, since the reduction is applied to I — .5, it preserves
precisely the spectral information at eigenvalue 1.

A particularly useful property of Schur complements is the quotient formula, which states
that, whenever the relevant Schur complements are well defined, successive elimination of nested
blocks agrees with eliminating those blocks at once [41, 42]. This gives a natural interpretation
of the transducer composition in Lemma 3.2.

Suppose
_(Di Ej
T <Bj TJ> (26)

is a transducer with action V; = D; + E;(I — T;)~'B;. In the composite construction, let g;
denote the state entering the public space of the j-th transducer, and let p; denote its local
private variable. They satisfy

pj = Bjq; + Tjpj,  ¢j+1 = Djq; + Ejp;. (27)
Eliminating the local private variable p; gives
pj = (I - Tj)"'Bjg; = T'jq;, (28)

and therefore
giv1 = [Dj+ E;(I - Tj) "' Bj] ¢j = Vjq;. (29)

Thus, after eliminating all local private variables, the composite transducer reduces to the clock
propagation g1 = Vjqj, or equivalently,

a1 = Voqo, 72 = ViVoqo, s qr. = Vi—1---Voqo. (30)

One may then eliminate the intermediate clock variables qi, ..., qr—1, which yields the overall
action Vy_; --- V1 V5. Equivalently, one may eliminate all local private variables and intermedi-
ate clock variables in a single Schur reduction. The quotient property of Schur complements
guarantees that the two procedures give the same result.
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In summary, the Schur-complement viewpoint gives the following dictionary:

Schur-complement language Transducer language
variables retained after elimination public space
variables eliminated private space
reduced operator -V
back substitution r=1I-7)"'B
inverse of the elimination pivot (I-T)"!
worst-case amplification in elimination | K(S) = ||(I —T)7!||
successive elimination transducer composition

Therefore, at the algebraic level, a transducer may be viewed as a unitary realization of a
Schur-complement reduction. The algorithmic content of the transducer framework lies not in
the Schur-complement identity itself, but in constructing a larger unitary .S that is inexpensive to
implement while the induced action V' on the public space may be substantially more expensive
to realize directly. Equivalently, the Schur complement of I — S with respect to the private
block is I — V. The clock constructions in Lemmas 3.1 and 3.2 illustrate this principle: they
encode a sequential computation into the enlarged private space, so that eliminating the private
variables recovers the desired composition on the public space.

3 Transducer toolkit

In this section, we discuss some advanced transducer’s propositions, which can be roughly
categorized into two classes. The first part is the construction of a single transducer with action
being the sequential composition of multiple unitaries, providing a methodology of transiting the
query complexity brought by the sequential operations to the norms related to the private space
of the transducer. The second part discusses how to turn a transducer to a block-encoding of
its action without the need of explicit catalyst, formally called catalyst removal via finite reuse.

3.1 Transducers for composition

Lemma 3.1 (Transducer for unitary composition). Let V' = GrOr_1Gr—1---G100Gy be a
unitary circuit where Oy represent one oracle call and Gy are oracle-independent unitaries.
Then there exists a transducer S with action V such that:

1. The transducer S is in the form of

with T* = 0.
2. Each implementation of S requires one call to the select oracle Zi;& |k) (k| ® O.
3. We have the following identities and estimates:

V= E(I-T)"B, K(S)= (I -1T)"| < L.

32
I(7=1)"'By|* = Lw|?,  |E(I-T)""| = VL. 2

Proof. Denote O_1 = I and Vj, = GyOg_1 - - - G10¢Gy (intuitively Vj is a part of the circuit of
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V truncated at k-th oracle calls, with Vo = Gp and Vi, = V). Let

L—1
S=Y"|k+1) (k| ®GrOp_1 +0) (L| © GLOL 1
k=0
0 GLOL—
Go 0
G110y 0
= o) (33)
G102 0
Then the unitary S given in Eq. (33) is a transducer of V', because for any vector 1,
SWe VeV - o Vi) (34)
L
=9 <|0>®w+§jrk>®vk_1w) (35)
k=1
L—1
=) ®@Gop+ > _ |k + 1) ® GrOp—1Vi-1% +[0) ® GLOL_1Vi_19) (36)
k=1
L
=)@ Vo + > _|k) @ Vi1t +|0) @ Vi (37)
k=2
=Vye (VwweWiy®- - o Vi1y). (38)
The corresponding catalyst map is
Vo
Vi
= : , (39)
Vi1
and F = [0,0, ce ,O,GLOL_l], B= [Go;o; ce ;0], and
0
G109 0

T = GQOl . (40)

Gr-10r—2 0

It is clear that 7% = 0 since T is a lower triangular L-by-L block matrix with all the diagonal
blocks to be 0. Furthermore, notice that S can be rewritten as

L-1 L L-1
S = ((Z|k+1> (k| + |0) <L|> ®I> <Z|k> <k\®Gk) (I@Z|k> (k|®0k>, (41)
k=0

k=0 k=0

so its implementation requires one query to the select oracle of O;’s.

Now let us prove the identities and estimates claimed in the lemma. The identity V =
E(I —T)~!'B directly follows from Lemma 2.7 and noticing that the left upper block of S here
is 0. Since TY = 0, we have

I-T)'=I1+T+T*+ ...+ T, (42)
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and thus K(S) = ||(I — T)~!|| < L. A direct computation shows that?
(I =T)"'By = [Voy; Viths -+ s Vi ¢, (43)

so ||(I —T) 'By|? = Zé;& |[Vitb||? = Lijx||?. For the last equation, by (I —T)~! =T+ T +
T2 4+ .-+ TE"1 we can compute that

EI-T)"'=(Ry R -+ Ri—2 Rp), (44)

where Ry = GO 1Gr 1015+ G410 for 0 < k < L — 1. In particular, since each Ry is
unitary, E(I —T)~! (E(I — T)fl)]L = Zé;& RkRT = LI, and so |[E(I -=T)7!| = VL. O

In some scenarios, the intermediate unitaries in a circuit are realized through their trans-
ducers, so we also need a result for the composition of multiple transducers. We first discuss a
simple case where all the unitaries are given by their transducers. Our construction is closely
related to the parallel implementation of sequential transducers in [21, Proposition 9.10 and
Theorem 10.5]. There, the intermediate states of a sequential composition are stored in the
catalyst, which leads to the same additive bound on the catalyst norm as Eq. (45). Our re-
sult gives an explicit block-matrix realization of this construction and, in addition, derives the
resolvent bound in Eq. (46), which will be essential for the finite-reuse implementation below.

Lemma 3.2 (Transducer for pure transducer composition). For 0 < j < L — 1, let V; be
D; E;
B Tj
I';. Then there exists a transducer S of V.= Vi_1---V1Vy such that

unitaries of the same dimension, and S; = be the transducer of V; with catalyst map

L—-1

w(S) < L—1+) w(S)), (45)
§=0

K(S) < m]axK(Sj) +(L-1)(1+ mjaxw(Sj)), (46)

using one query to the select oracle of ;.

Proof. We construct S as*

0O 0 -~ 0 Dy O 0 --- 0 Ep,
Dy 0 0 0 Ey 0 0 0
0 D 0 0 0 B 0 0
I O Dy 0 0 0 Er o 0
=1 B 0o 0o .. 0 To 0 0 - 0 (47)
0 B 0 0 0 T 0 0
0 0 B 0 0 0 T 0
0 0 0 -+ Bpy 0 0 0 - T,

Notice that S can be constructed through one call to the select oracle of S; and permutations
of the block order.

Now we show that S is the desired transducer with the public space being the upper left
block. Let 1y be an arbitrary vector of dimension the same as the column vector of V', and
choose

VYj =VjaVja--- Voo, j=1 (48)

3Here and below, [A1;- -+ ; Ag] denotes the block column obtained by vertically stacking the vectors or matrices
A, ..., Ak
4See Appendix B for an explanation of this construction.
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Denote

w = [Yo;9¥1;- - s¥r—1;To%o; C1abrs - -+ s T—19n—1] = o @ Ty, (49)
where
= [Vo;ViVos -+ s Voo ViVo; Tos T Vos T ViViy -+ s T g Vo - VA VG (50)
Then Su = [xo; 215+ ;21305 Y15 YL—1), where
xo=Dp ap 1+ Er 1l a1, xjp1 =D+ Eil;, 0<j<L-2, (51)
yj = Bjy; + TiTjnpy, 0<j<L—1. (52)
According to Lemma 2.7, we have D; + E;I'; = V; and B; +T;'; =1, so
xo=Vi_1¥p-1, xjp1 =V, 0<j<L-2 (53)
yj =T5;, 0<j<L-1 (54)

From the iterative relation of xj, we have zg = Vy_q - - V1Votpg = Vipg and x; = Vj_1 - - - V1 Vigaho.
So we can write

Su = S(po & Do) (55)
= [Vho; Vorbo; ViVorbos - -+ s Vi—a - - - ViVorbo; Too; T Vorbo; ToViVorbos - -+ s T -1 Vi—a - - - Vi Viabo)]

(56)

= Vipo ® I'to, (57)

which verifies that S defined in Eq. (47) is a transducer of V' with catalyst I' defined in Eq. (50).
Now let us bound the relevant norms of S. From the definition of I" in Eq. (50), for any
vector v, we have

TPl = 1Vou > + IViVou |? + -+ + [[Vi—a - - Vi Vo ||? (58)
+ oI + [T Vol + -+ + [Tp1Vi—a--- ViVou|® (59)
L—1
< (L=l + Y IT51P 11, (60)
§=0
thus
L—1
w(S) =[TI><L—1+> w(S)). (61)
3=0
To estimate K (S) = ||[(I —T)7}Y|, let us solve the linear system
hy a
h2 as
hr—1 ar—1
(I-T) Vo = bo =g (62)
(% b1
V2 b2
VL1 br—1

for arbitrary vectors a; and b;. Then we have the recursive relation (with supplementary
definition hy = 0)

hj — Djflhj71 — Ejflvjfl = aj (63)
_thj + (I — Tj)vj = bj. (64)
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Using Lemma 2.7, Eq. (64) becomes

vj =Tjh; + (I —T;)'b;. (65)
Substituting this into Eq. (63) gives
hj = Djxhj + B (Cjahja + (I = Tj-1)"'bj-1) +a; (66)
= (D]’_1 + Ej_le_l)hj_l + a; + Ej_l(I - Tj_l)ilbj_l. (67)
Therefore, according to Lemma 2.7 again,
hj = Vi_thj—1 +a; + V;aTh_ by (68)
Solving this recursive relation gives a block matrix form h = Lf, where h = [hy; ho; -+ ;hr—1],
f=1[fi; f25 5 fo—1] with
fj = ay + V}_ll“}flbj_l, (69)
and
I 0 0 0
Vi I 0 0
= VaVi Va 1 0 (70)
Vio-Vi Vig- Vo - Vio I
Notice that ||£|| < L —1 and || f;|| < |laj|| + [|ITj=1]|||bj—1]|, we can bound
L-1
IRl> < WL = 1LY 151 (71)
j=1
L-1
< (L =12 (lajll + ITj=1lll1bj-11)? (72)
j=1
L-1
<(L-1)%) (L4+w(Sj-—1)llas]* + 1b;-1[*) (73)
j=1
< (L = 1)*(1 + maxw(S;))||g]*. (74)
J
Now, using Eq. (65), we decompose
hy 0 hy
hr—1 0 hr—1
I-T)'g=] w |= (I —Tp) tho + 0 (75)
V1 (I — Tl)flbl I'1hy
VL1 (I —Tp—1)"tbp Lr1hr—
Then the second term on the right hand side of Eq. (75) has norm
L—1 L—1
1R)12 4+ IT5hyl12 < [ IAlI? +maxw(S;) Y |lhy]f2 (76)
i=1 ! i=1
= /1 4+ maxw(S;)|hl| (77)
J
< (L= +maxw(S;))gll (78)




For the first term on the right hand side of Eq. (75), its norm is

L—-1 L—-1
I = T5) 1 < mase (1= T) 7| D gl < max K(S)lgll. - (79)
j=0 j=0

Combining these two estimates together, we have

(I =T)"gll < (mﬁxK(Sj) + (L -1+ mfxw(sj)))llg\l, (80)

and thus
K(S) = [T = T)7" | < max K(S)) + (L = 1)(1 + maxw(S))). )
O

Lemma 3.2 shows how to construct a larger transducer for the sequential composition of
multiple transducers. Lemma 3.2 also estimates two norms. Importantly, Eq. (46) shows that
the individual resolvent contributions enter through max; K(.S;), rather than through their sum.
Later we will see that K (S) is directly related to the algorithm complexity, so Eq. (46) is the
key reason why transducer-based LCU can outperform the standard LCU implementation.

Although Lemma 3.2 only considers the case where all the unitaries V; are realized through
the transducers, the same result can be generalized to allow inverse, controlled version, un-
touched qubits, and transducer-independent gates. Specifically, if the circuit includes VjT, then

we can simply use SJT.. To see this, for any vector v, we define ¢ = VjT@ZJ and using the definition
of the transducer for ¢ to write

Sj(p@jp) =Vip L. (82)

Apply S]T on both sides, and we have

Slwer;viy) =viver;viy, (83)
ie., S;f is a transducer of VjT with the norm w(S;) = HI‘jVjTH2 = ||IT;||? unchanged. Furthermore,
St =D, Bl ElL 7], s0 K(ST) = ||[(1-T])~Y|| = ||(I-T})~!|| = K(S}) also remains unchanged.

Another scenario is that there are additional Vj-independent gates. For example, if we would
like to implement G;V;, where G; represents a collection of known gates, then we can use
[G},0;0,1]S;, which is the transducer of G;V; with catalyst and the lower right block unchanged.
If Gj comes before Vj, i.e., V;G;, then we use S;[Gj,0;0, I], which transduces V;G; with the same
lower right block. The corresponding catalyst becomes I';G, so its norm remains unchanged.
For the controlled version of V;, we regard the control register as part of the public space.
Writing

we may use

which transduces the controlled-V; operation. Its private block remains 7}, and hence
w(SH = w(Sy),  K(SS) = K(S)).

Summarizing the above discussions, we have the following result.
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Corollary 3.3 (Transducer for transducer and unitary composition). For 1 < j < L, let V; be
unitaries (not necessarily of the same dimension), and S; be the transducer of V; with catalyst
map I';. Let XN/j, unitaries of the same dimension, represent one of the following cases: V; itself
or V; ® I, their inverses and controlled versions. Let G denote unitaries independent of V;’s.
Then there exists a transducer S of GLXN/LGL_1‘7L_1 e GﬂNflGo such that

L
w(S) <L—1+Y w(S)), (84)
j=1
K(S5) < max K(S;) + (L — 1)(1 + maxw(S;)), (85)
J J
using one query to the select oracle of S;.

3.2 Catalyst removal via finite reuse

We now explain the finite reuse construction that will be used to turn a transducer into a unitary
implementation of its action without the need of explicit catalyst. The idea is to introduce N
copies of the public space and a shared private space initialized by a zero vector input rather
than the exact catalyst. The finite reuse then repeats the transducer for N times with different
public spaces and the shared same private space, reusing the private output of one as the private
input of the next transducer operation.

We discuss the finite reuse procedure more precisely. Let S = [D, E; B,T] be a unitary
transducer with action V' and catalyst I'. Introduce H;()?l)b’ e ,Hl(ﬁg D~ Hpub, and the finite
©)

pub) ® Hpriv- For an arbitrary input vector v, we first append

reuse circuit acts on (@;V:_Ol H
ancilla qubits to get (|0) ® ¢) & 0, where the first register consists of log N ancilla qubits, and
0 = [0;0;- - - ; 0] represents the zero vector. We apply the Hadamard gates to prepare a uniform

superposition over the first ancilla register, and the state becomes

N-1 N-1
=Y ev|eo-w/VNwVEole (@R, | ot (50)
j=0 Jj=0

Then we apply S for N times, sequentially on the space HI()ju)b ® Hpriv for 0 < j < N — 1.

To describe this step explicitly, let g; denote the private vector immediately before the j-th
application of S (and thus go = 0), and let o; denote the public output produced after that
application. At each reuse, the public input is always ¢/v N, so we have

(") = () e

1 1 .
Oj:ﬁDerqu, Qj+1:ﬁ3¢+TQja 0<j<N-1 (88)
Notice that both o; and ¢; can be written as a linear transformation of . After all the NV

applications of S, the entire output vector becomes

N-1

S i) ®o; | @an. (89)
j=0

Applying Hadamard gates on the first register again yields the output like

N-1

0) @ Py + Y 1) @ | @, (90)
j=1
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where
| Nl
Py = — 0j. (91)
R

Post-selecting all the ancilla qubits (including those in the first register and for private space)
onto 0 gives Pyvy. Therefore, the pre-described circuit constructs a block-encoding of Py .

Since the private space is not the ideal catalyst, Py is thereby not the ideal action V. The
following lemma identifies the error incurred by starting with zero private input.

Lemma 3.4 (Reuse error identity [23]). Let S be a transducer with action V and catalyst T.
Let Py be the upper left block of the length-N finite reuse circuit, defined by Eq. (91). Then

N-1

V — Py = EGN(T)T, Gn(2) = 2~ (92)

1
N p—

Proof. Recall that for any input vector ¢, Pyy = (Z;V:_Ol 0j)/ V'N where 0j’s are given by the
recursion Eq. (88). Solving the linear recursion for ¢; with gy = 0 yields

1 .
qj:\/—N(I+T+T2+---+TJ‘1)Bw. (93)
According to Lemma 2.7, we have B = (I — T)I', and thus

1

2 j—1 — —_
I+T+T*+- +T7"H(I -T)Ty Nic

¢ = jﬁ (I —T9)Ty. (94)

Substituting it into the first equation of Eq. (88) gives

1 1 1

where the last equation follows from Lemma 2.7 again. Therefore

(I —THTyp = (D+ ET — ET'T')t) = —(V — ET'T)p,  (95)

%H

N— N-1
Pyt = T Z Z (V — ETIT)¢ = Vo — EGN(T)T%, (96)
7=0 7=0
and thus
V — Py = EGN(T)T. (97)

d

Lemma 3.4 already suggests that the finite reuse can turns a transducer to a block-encoding
of e-approximation of V for arbitrarily small €, but the convergence is only first-order. Specif-
ically, suppose that | T|| < 1, then ||Gn(T)|| = O(1/N), and Lemma 3.4 implies |V — Py|| =
O(1/N). So it suffices to choose N = O(1/¢) for an e-approximation.

To achieve high-order convergence, we can choose different values of IV and linearly combine
the corresponding block-encodings to cancel the low-order error terms. This is in principle the
extrapolation method, which has been widely used for improved accuracy in both classical and
quantum numerical algorithms. Classical examples include Richardson extrapolation for finite-
difference discretisation [43] and extrapolation methods for ordinary differential equations such
as the Bulirsch—Stoer method [44]. A closely related idea also appears in quantum Hamiltonian
simulation through multi-product formulas, where linear combinations of product formula ap-
proximations with different step sizes are chosen to cancel low-order Trotter errors and thereby
achieve higher order accuracy [45, 46|, and the reduced-depth quantum algorithms for Hamil-
tonian simulation [47] and linear differential equations [48]. Similar idea further serves as the
guiding principle for the famous zero-noise extrapolation [49, 50] in quantum error mitigation.
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The idea of combining reuse circuits of different lengths was recently introduced in the
context of optimal time-dependent Hamiltonian simulation [23, 24], where a carefully chosen
weighted combination exploits the time-ordered structure of the private block to achieve factorial
error decay. The same principle has subsequently been applied to Lindblad simulation [25]. Here
we establish a structure-independent version of this idea. Rather than relying on a special form
of the private block, we show that the sole assumption that I — T is invertible is sufficient. We
formally state the result as follows.

Theorem 3.5 (High-order finite reuse). Let S = [D, E; B,T| be a transducer of V' with in-
vertible (I —T'). Then, we can implement a block-encoding of V' such that ||V — V|| < O(e),

o (s (1)) -

queries to S, its inverse, and controlled versions.

Proof. Following the notation in Lemma 3.4, let Py denote the matrix constructed through the
length-N finite reuse circuit. We consider the linear combination of finite reuse circuits with
different values of N as

L
~ Ry +k k
v=>"% Protk — = Pi ) - 99
2 k( Ry [Rotk ~ R k> (99)

Here by, L and Ry are some parameters to be determined later, but we first suppose that by > 0
and ) by = 1. For any fixed k, according to Lemma 3.4,

Ro+k k Ry +k k
Prosi — —Pp = V - EG T)T) — —(V — EGy(T)T 100
Ry Rotk = oL o ( Ro+k(T)T) Ro( k(T)T) (100)
Ro+k k
—voE (B G (1) - LG T (101)
Ry Ry
1 Ro+k—1
=V-E|—~— |1 102
> (102
=V — ET*GRr,(T)T. (103)
Then . ;
V=Y bV - bpET*Gg,(T)T =V — E®(T)Gg,(T)T, (104)
k=0 k=0

where we have used ) by, = 1 and denote

L
O(z) =) biz". (105)
k=0

To bound this error, we first rewrite

Ro—1

» Th= ;O(I—T)_I(I—TRO). (106)
k=0

1

GR, (T) = Rio

Notice that the matrices (I —T)~1, ®(T), I — T* commute with one another. Hence

T ;OECI)(T)(I _ 7)1 = TRo)r (107)
_ L e g —rRyemr (108)

Ry
— Lyt - rrye)r (109)

Ry
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where the last line follows from Lemma 2.7. Taking the norm, we have

vVl < e, (110
0
In order to control the error, we need to construct proper ®(7') with sufficiently small norm.
Notice that ®(1) = 1 due to Y_ by = 1, so we have to bound 7" away from 1, which, to some
extent, can be achieved by leveraging the invertible assumption of (I — T'). Motivated by this,
the idea of the construction is to choose®

®(2) = (G (2))* (111)

for some integers Ny and ¢ (so the degree L = q(No —1)), select Ny such that ||Gn,(T")|| (which
depends on ||(I — T)7!||) is strictly smaller than 1, and choose ¢ to be logarithmic in 1/¢ to
achieve the desired accuracy. Specifically, using G, (1) = NLO(I —T)~YI — TNo) again, and
noticing that [|T']| <1 since it is a sub-block of the unitary S, we have

2 1
< = <=
G (T < NOK(S) <3 (112)
by choose
No = [4K(S)]. (113)
Then ||®(T)| = [|[(Gn, (T))%|| <279, and thus Eq. (110) becomes
V-V < 20(3) 1 (114)

Ry 2¢°

To force the right hand side to be smaller than ¢, it suffices to choose

g [mgg (1)} L= q(No-1) = [logg (1” ([AK(S)] —1), Ro=2 [bgg (1)} 14K (S)].
(115)

Then 279 < ¢, and Ry > 2(2K(S) — 1) > 2w(S) according to Lemma 2.7, which together imply
|V — V|| < e. Notice that Ry does not need to be as large as O(L) if we only wish to bound
the error by €, but such a larger choice is necessary to ensure the normalization factor of the
LCU implementation bounded, as we will discussed next.

To implement Eq. (99), we can directly apply standard LCU in Lemma 2.3, which gives a
block-encoding of V' /a with normalization factor

L L
Ro+k k Ry + 2k 2L
= b — | = bp————— <1+ — <2 116
z(R + ) M A (116)

where the last inequality is Ry > 2L, guaranteed by the choice of Ry and L in Eq. (115). We
relax this normalization factor to exactly 2 by append an additional ancilla qubit and perform
a rotation gate. Then, we apply the robust oblivious amplitude amplification technique [51]
using 3 calls to the LCU circuit to boost the normalization factor to 1 with block-encoding
error being O(e).

This procedure takes O(1) queries to the select oracle of P;’s block-encodings. As, according
to Lemma 3.4, the block-encoding of P; is constructed mainly by the sequentially application
of a single transducer S for j times, the select oracle of P;’s block-encodings can be constructed
by imposing proper control logic on the most expensive P;, which is Pg,yr. This requires
O(Ro + L) calls to S, which yields the desired complexity according to the choice of Ry and L
in Eq. (115). O

®Notice that Gn,(1) = 1 and thus ®(1) = 1 for any Ny and g, and all the coefficients of G, () are positive.
Hence the conditions by > 0 and > by = 1 are automatically satisfied.
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Remark 3.6 (Comparison with Lemma 2.6). For a fized input 1, the standard transducer
implementation achieves state error € using

W(S
@ <1 + (2@) (117)
€
controlled applications of S. In particular, using W(S,v) < w(S) gives a worst-case bound
O(1 +w(S)/€?). By contrast, Theorem 3.5 gives an operator-norm approzimation to the entire
public action using

% <K(S) log 1) (118)

queries, provided a bound on K(S) = ||(I — T)~!| is available. Thus, for a fized transducer
with controlled resolvent norm, the dependence on the target precision improves from inverse
polynomial to logarithmic. This is not a uniform improvement in the transducer parameter: by
Lemma 2.7, we have w(S) < 2K(S) — 1, and K(S) can in general be substantially larger than
w(S). The advantage of the high-order construction is therefore most useful when the resolvent
norm can be bounded comparably to, or only mildly worse than, the catalyst complexity, as occurs
in the constructions used in this work.

4 Transducer-based linear combination of unitaries algorithm

Now we are ready to establish our transducer-based LCU algorithm. We first discuss an im-
portant subroutine that constructs a transducer of the Cayley transformation of LCU with
normalized coeflicients. Then we present the entire transducer-based LCU algorithm and ana-
lyze its complexity.

4.1 Cayley transformation of LCU with normalized coefficients

In this subsection, let V; be a Hermitian block-encoding of H;, and suppose that V; satisfies As-
sumption 2.1. We consider the linear combination

J—1
Y =) g¢Hj, (119)
=0

where we assume ¢; > 0 and ) g; = 1. Let V be the select oracle of V}, i.e.,

J-1

V=> 1 leV, (120)
j=0

and U, prepares the coefficient state in the sense that

J—1
Up0) = /g li) - (121)

Jj=0

The subroutine is as follows. The full space consists of four registers: the system register
which is used for the data, the signal register which serves as the ancilla register of the block-
encoding, the index register for j in the linear combination, and the clock register introduced
by the transducer. We first apply Lemma 3.1 to construct a transducers Sy, = [0, Evy,; By, ij]
of Vj, then consider &Sy, with reordering all the public sectors first then followed by private
sections to get Sy. Specifically, Sy = [0, Ev; By, Ty| where Ey = diag(Ev,, -, Ev,_,), By =
diag(Bvy, -+ , By, ,), and Ty = diag(Tv,,--- ,Tv,_,). Then we construct

S = U Syl (122)
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Here

Up = 0) (0] @ Up ® Lig,sys + Z k) (k| ® Lind sig,sys: (123)
k0
and, using the same block division as in Sy,
$y 0 ,
=1 g ;) Po=il-2]0)(0]]0){0[@I). (124)

Roughly speaking, ® appends —i when all the ancilla registers are 0, ¢ when the clock register
is zero but the index and signal are not all zero, and does not append any factor otherwise. If
we declare the space with all zero ancilla registers (but excluding the ancilla) to be the public
space, then Eq. (122) is a transducer of Cay(Y’), as shown in the next result. Here the Cayley
transformation is defined as

Cay(Y) = (I —iY)(I +iY)™L. (125)

Theorem 4.1 (Cayley transformation of LCU). Let V; be a Hermitian block-encoding of Hj,

and suppose that V; satisfies Assumption 2.1 with C; oracle queries. Let Y = E}]:_ol q; H; with

g; > 0 and > q; = 1. Then, the circuit S defined in Eq. (122) gives a transducer of Cay(Y")
with catalyst I, such that

T =201+ ¢C)I+Y?) ™' -1, (126)
w(S) <142 ¢;C;, K(S) < 6maxCy, (127)
using O(1) queries to the primitive oracles.

Proof. We first define some notations which will be used through this proof. Suppose the
dimension of H; is d. Let

V=§|j> (ile v, (128)

and ”
Jo = 10)ge ® Leys: T = f Vi 1§) @ Jo = (U, @ 1)(|0) ® Fo). (129)

Then o
(Up @ Lig,sys)(10) [0) @ I) = (Up 0)) [0) ® I = T, (130)

i.e., the first d column of U, ® Lsig sys is J. Then we can write the full representation of Up® Igig sys
as

Up ® Isigsys = (T J1 ), (131)
where 717, =0, jij 1 = I. Additionally, by the standard LCU calculation, we have

JVT =Y. (132)

The algorithm first applies Lemma 3.1 to construct transducers Sy, = [0, Ev;; By, Tv;] of
V; using O(1) queries, then construct Sy = [0, Ey; By, Ty] where Ey = diag(Ey;,--- , Ev,_,),
By = diag(By,,- - ,Bv,_,), and Ty = diag(Ty;,,---,Ty,_,). Since Sy is basically a block
reordering of the parallel controlled applications of Sy;, constructing of Sy can be also achieved
using O(1) queries. Therefore, the query complexity of S defined in Eq. (122) is O(1).

Using the block representations

il
[ 0 Ey (T g0 B ‘
SV_<BV Tv)’ up_<0 0 1.), P = il : (133)
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then we have
0 0 —iJTEy

S = 0 0 iJlBy | = ( Jg ? > , (134)
ByJ ByJi Ty
where )
. 0 0 1J B
E = —iJE B= T = LV 1
(0 —iT By ), (ij)’ (BVJJ_ Ty ) (135)

Now let us verify that S is the transducer of Cay(Y’). To this end, for any vector 1, let us
solve the equation

¥ Vi
Sl c|=| ¢ (136)
h h

where V is the unknown action matrix, and c and h are supposed to be the linear transformation
of ¢. Then we have

Vip = —iJTEyvh (137)
c=iJ Evh (138)
h = By (J¢ + J.c) + Tyh. (139)
Let
y=Jv+J.c, (140)
then we have
h= (I -Ty) 'Byy, (141)
and thus N
c=iJVy=iXTp+iZe, Vip=—igVy=—ivy —iXe, (142)

where we use Ey (I —Ty) *By =V, which is a direct consequence of Ey, (I —Ty,) *By, = Vj
from Lemma 3.1, and further denote

x=Jvg, z=7gvg. (143)

To further solve Eq. (141) and Eq. (142), we need to note that (U, ® I)'V(U, ® I) =
[V, X; X', Z] is a Hermitian unitary and thus

XXT=71-v2 X'y =-zXx" (144)
Then the first equation of Eq. (142) becomes
c=i(l —iZ) ' Xty = iXT(I +iv) "y, (145)

where the last equation can be verified using XY = —ZXT. Plugging Eq. (145) back to the
second equation in Eq. (142) gives

Vip = —iYVep + XXT (T +iv) (
=Y+ (I -Y*)(I+iY) " (147
= (=iYI +iY)+ T -Y*(I +iY) " (
= (I —iY)IT +iY) N, (
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so the action V = Cay(Y). Using Eq. (140), Eq. (141) and Eq. (145), we can also write
y=J¢+iT i XN(I +iY)"'y (150)

= (T +i(JY + TLX)NI +iY) (151)

= (T +i(TITVI+ T ITVI)HU +i¥) (152)

= (I +iV)T (I +iY) "', (153)

and thus
h=(I-Ty) 'By(I+iV)JI +iY) 1. (154)

Then the catalyst map is given as

¢ iXT(I+4Y)~1
= < h ) - ( (I —Tv) 'By(I +iV)J(I +iY)! >¢- (155)

Finally, let us derive the the expression of I''T" and bound the related norms. We start with
y defined in Eq. (140) and write

-1
y= Z 1) ® yj. (156)

Then each component y; is R
yi = (1@ Dy = ({1l @ I +iV)T (I +i¥) ') (157)
= ((jlo )T +1iV) (Z V@i 17" ) (I+iY) 'y (158)
G+ V) To(I +iY) 1. (159)

Since V; is Hermitian unitary, we have (I + iV;)T(I +14V;) = 21, and thus
lyilI* = 2g5[1(7 + ) %, Nyl =D llysll® = 201 +iY) "9 )% (160)

Notice that we have h = (I — Ty) 'Byy = Z}];ol /) ® (I — Ty,) ' By,y;, and, according
to Lemma 3.1 that ||(I — Ty,) " By,y;[|? = Cjlly;]1*, we have

IB]1* = (I = Tv) "' Byyl* = ZC ly; 1 = (Z% ) 11 +iY) 1. (161)
Also
(1 +3Y) "l = (1 =Y ) (I +iY) ' = 9T (T + Y2y, (162)
and then (using y = Jv + J ¢ to be an orthogonal decomposition)
lell® = [lyll> = 1)1 = 201 + )" l* = [[9]. (163)
Therefore
Iy = Ty = e + |h)* = 201 + qu I +3Y) P = [lv)? (164)
:w( (1+ > O +Y?)~ I)¢, (165)

which implies that
T =201+ ¢C)I+Y?) -1, (166)
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and (using (I +Y?)"1 < 1)

w(®) =TI = suwp o' (2043 0CHI+Y) 7 =1) v <1+2370,C;. (167
To bound K (S), from Eq. (135) we write
7T
(Ll )
To invert it, let us solve (I — T')[xo; 1] = [20; 21], 1.€
z0 —iJ] Evzy = 2 (169)
—ByJixo+ (I —Ty)z1 = 21. (170)
Pluging the second equation back to the first equation gives
2o —iJ] Ev(I — Ty) " (By JLxo + 21) = 20, (171)
which, using Ey (I — Ty)~!By = V, becomes
2o = —iZ) 2o +i(l —iZ) ' T By (I — Ty) 2. (172)
The z1 component becomes
1= —Ty) 'ByJiazo+ (I —Tv) 'z (173)
= (I - Tv)"'BvJL(I —iZ) "2 (174)
+i(I=Ty) 'ByJ (I —iZ) " T By(I = Ty) o + (I = Tv) Lo (175)
The expressions of xg and x1 means that (I — T)~! equals
( (I—iz)~! i(I —iZ) " T By (I —Ty) " >
(I-Ty) By JL(I—iZ)™t (I-=Ty)  +i(I —=Ty) By JL(I —iZ) T By (I = Ty)~! (1'76)

Since ((I —iZ)™)(I —iZ)™ = (I + 227! =< I and ||(I —iZ)"!| < 1, and according
to Lemma 3.1,

I({ = Ty)™'By|| < max [(I — Tv;) "' By, || = max /Cj, (177)
|Ev (I —Ty)™ || < max ||Ey, (I — Ty,)""|| = max /Cj, (178)
I(1 = Ty) ™| < max || (I = Tv;) || < max Gy, (179)

the spectral norms of the four blocks of (I —T')~! are bounded by 1, max /Cj, max \/C}, and
2max ()}, respectively. Then

KS)=|I-T)Y <1 +2max\/C>'j+2maij < 6 max Cj. (180)
]

4.2 Algorithm description

We first introduce or recall a few notations:

~ A; cio;
Aj =, A:Z:Cjaﬁ pj==" CO= ZPJ jr Cmax =maxCj. (181)

Consider the linear combination
J—1
A=Y ¢4, JAl<a (152)
j=0
where a is a known upper bound of ||A||, and we assume a < A as A is the naive upper bound.
The full transducer-based LCU algorithm is described as follows.
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Step 1: Construct the Cayley LCU transducer. In this step we will construct a trans-

ducer of
J—1

A A Di -~
£ here =S P4 1
Cay (4)\), where 2 R (183)

Notice that the coefficients ¢; = p;/4 only sum to 1/4 rather than 1, so we append ¢; = 3/4
and V; be any Hermitian block-encoding of a zero matrix. Then we apply the algorithm
described in Section 4.1, which gives a transducer of Cay(Z}]:_OI q;A;j) = Cay(A/(4))) according
to Theorem 4.1.

Step 2: Perform inverse Cayley transformation and reduce the normalization factor.
Let Y = A/(4)\) and V = Cay(Y'). The main idea of this step is to write down a circuit involving
V' to construct a block-encoding of A/(16a), and use Corollary 3.3 to construct a transducer of
this circuit rather than directly implementing it.

We first write down the circuit expression, which is a QSVT circuit on a small ordinary
LCU. Specifically, the standard LCU can block encode

T_
Z:V 'V
21

=2Y(I+Y?*L. (184)

Notice that ||Y|| < a/(4)), we choose a polynomial P(z) such that

2b b a
P (1 +b2) ey S (185)

Such a polynomial simultaneously inverts the Cayley transformation and reduces the normal-
ization factor of A from O(XA) to O(a). A specific construction of this polynomial is given
in Section A. Then the QSVT circuit with block-encoding of Z yields a block-encoding of
5@y = A/ (16a).

For the actual implementation, since we have constructed a transducer of V in step 1, we
can apply Corollary 3.3 to turn the pre-described circuit into a transducer of the full QSVT
unitary Up, where ((0"| @ I) Up (|0") @ I) = A ~ %.

Step 3: Convert the transducer to a block-encoding via finite reuse. In step 2,
we have constructed a transducer of Up. Now we directly apply Theorem 3.5 to construct a
block-encoding of approximately A/(16a).

4.3 Complexity analysis

Theorem 4.2 (Complexity estimate of the transducer-based LCU). Let U; be a Hermitian
block-encoding of Aj/a; with normalization factor oj, and suppose that U; satisfies Assump-
tion 2.1 with query complexity C;. Let A = E}]:_ol cjAj; with coefficients c; > 0, and suppose that
an upper bound a > ||A|| is known. Then, for any € > 0, the algorithm described in Section 4.2
gives a block-encoding of A’ such that |A" — A/(16a)|| < O(e), using

@ (Cmax log (1) + 26 (log <1)>2) (186)

queries to the primitive oracles, where

J—1
> ico ¢ Cj

X (187)

J-1
A= E Cj0y, Cmax = IIlJaXCj, C =
J=0
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Proof. The proof can be completed by walking through the algorithm and combining all the
previously established complexity estimates for intermediate subroutine.
In Step 1, we construct a transducer Scay of Cay(A/(4))). Theorem 4.1 tells that

w(Scay) <1423 9UC; = O0),  K(Scay) < 6maxCj = O(Cinax), (188)
N J

and the construction of Scay needs O(1) query complexity.

The QSVT circuit in Step 2 has query length to be O(deg(P(x))), according to Lemma 2.4,
where P(z) is the polynomial for inverse Cayley transformation with amplification. By Lemma A.2,
for any 0 < 01 < 1/2 to be determined later (and choosing p = a/(4\) in Lemma A.2), such a
QSVT circuit gives a block-encoding of A such that

-

A

<4 189
16all = 1 ( )

sstpien -0 (e (1)), -

Using Corollary 3.3, we can construct a transducer S of a block-encoding of A with

K(S) < O(K(Scay) + deg(P(x))w(Scay)) = O (Cmax + AClog (511>) (191)

and the query complexity of S is still O(1).
The last step implements a finite reuse of S. For any d3 > 0, according to Theorem 3.5, we

can implement a unitary U, which is a block-encoding of A such that

|4 - A <0, (192)

0 (15708 (1)) = (oo (1) 4 20me (L) e (1)) s

queries to S, which turns to asymptotically the same number of querles to the primitive oracles
as each S requires O(1) queries. As ||A — A|| < O(8,) and HA - =

using

< 61, we can choose

16a
91 =0(e), 62 =06(e) (194)
to make sure that this unitary U is a block-encoding of A/(16a) to error at most O(e). Plugging
the choice of d; and dy back to Eq. (193) completes the proof. O

5 Applications to sparse matrix functions

In this section, we discuss applications of our transducer-based LCU algorithm for implementing
sparse matrix functions, including the construction of sparse matrix block-encoding, as well as
solving sparse Hamiltonian simulation and linear systems of equations problems.

Let A € CV*N be a Hermitian matrix with at most d non-zero entries per row or column.
We assume access to its standard black-box unitary oracles which compute the positions and
values of non-zero entries. Specifically,

Oalik,z) =ik, z & A, i,k € [N], (196)
where f(i, ) is the column index of the /-th non-zero entry in the i-th row, z € {0,1}? is a b-bit

string, and A;, denotes the matrix entry at i-th row and k-th column. These two oracles O
and O4 will serve as the “primitive oracles” in Assumption 2.1. We denote ||A|| as the spectral

1/2
norm of A, ||A|lmax = max; i, |Ax], and ||A||;_,, := max;, (Zl |Aik|2) / .
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5.1 Sparse matrix block-encoding

Now we discuss how to efficiently construct a block-encoding of a sparse matrix. The ap-
proach is based on a decomposition A = Z;‘n:() A; modified from [16], which splits the original
sparse matrix into several according to the entries’ magnitudes. Then we can construct the
block-encoding of each A; using the standard sparse matrix block-encoding with amplitude
amplification in [16], and apply our transducer-based LCU to construct A.

5.1.1 A review of the standard sparse block-encoding with amplification

We first state the standard approach for block encoding a sparse matrix H with amplitude
amplification in [16]. The algorithm first constructs two sets of mutually orthogonal quantum
states {xx}, {X;} such that their overlap (X;|xx) = Hjx/(d||H|lmax). Then H is block-encoded
by the product of controlled-state preparation unitary U = Ujochol, where Ugol|k)s|0)q =
IXk)s Urow|d)s|0)a = |Xj). Both Ulw and U can be constructed using O(1) queries. The
normalization factor d||H ||max is induced by the normalization factor /|| H ||max in Ul and
Ugol, due to the controlled rotation in constructing them, which require each non-zero entry to
be shrinked smaller than 1. However, such a normalization factor is not optimal as the largest
possible normalization factor for Udow and Uee) is v/ ||H]|1, so the algorithm applies the QSVT-
based uniform singular value amplification technique to boost the normalization factor of UrTOW
and U to /A; for any Ay > ||H||;. This process requires O(+/d| H ||max/A110g(1/€)) queries,
leading to a block-encoding of approximately H/A;.

We formally summarize the complexity of this procedure in the next lemma, which is from
Theorem 10 of [16].

Lemma 5.1 (Sparse block-encoding by amplitude multiplication). Let H € CVN*N be Hermitian
and d-sparse. Then, for any 0 < § <1 and Ay > ||H|[1, we can construct a block-encoding of a
Hermitian matriz H /o with oo = (A1) and ||[H — H|| = O(||H||6), using

d|[H [ max 1

queries to the sparse matriz oracles.

5.1.2 Matrix decomposition

Now we decompose the matrix A according to the following rule. Let

| All12 ; V(| All12
_ 7 S — 90 = il 198
and m be the smallest index such that g, > ||A||max- It is clear that
m = O(log(Vd|| Al|lmax/|| All1-2))- (199)
Define the matrix A; to be
(Ao)ir = Ai1{|Air| < po}, (200)
(Aj)ik = Ail{pj—1 < [Ai| < pg}, 1<j<m, (201)

i.e., A;j consists of A’s non-zero entries between p;_1 and ;. Thus A = Z?:o Aj.
To apply our transducer-based LCU, we estimate relative quantities in the next result.
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Lemma 5.2. Let A= }7"", Aj where each Aj is defined through Eqs. (200) and (201). Then,
for any 0 < e < 1, we can implement block-encodings U; of gj/aj with query complexity C;,
such that

A= a; =0 (V| Ali-e). (202)
§=0
Yy asC; V|| Allmax (dIIAHH2>

=== _ 0(1og max | o ( AAN=2 203
X Tl ) (205)
Cinax = maxCj = O V| Allmas | log <d”AHH2> , (204)

J [Al[1-2 €

and .
A= Al < O(e =) 4 (205)

j=0

Proof. We first show that

A|? ,

ol < VAl 4yl < 122 v << (206)
j—1

For Ay, as all the entries have absolute values smaller than g, and there are at most d non-zero

entries per column, we have

[ Aol < dpo = V|| All1-2. (207)
For j > 1, for every non-zero entry (A;)z, we first use |(A;)ix| > pj—1 to obtain [(A;)ik] <

N
7|(12].)“f| , and then
P

i Aj); 2 A
4 = max S (A < max; ) |(4))ik < | HHQ (208)
Y Hj—1 Hj—1

We have proved Eq. (206). N
According to Eq. (206), we can choose the normalization factor of A; as

All2 d|A
a0 = VAl A1z, o = ”M”l?2 _ f!j_”ﬁ?, V1<j<m. (209)
-

Taking the sum, we first have
A= a; =0 (Vi|Allios) - (210)
j=0

For any 0 > 0 to be specified later, using Lemma 5.1, we can construct block-encodings U; of
Aj/a; with query complexity C;, such that

14; = Ajll < O 44116), Cj=0 (y/ﬁfbg (;)) : (211)

For error, we simply take the sum with respect to j and obtain

IA-Al<) |4 O(A9). (212)
7=0
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So we can choose § = €/\ to bound the overall error by O(e), and the corresponding query
complexity becomes

: ; A
Cj:(g( dujlog@):@( dwlog@urm» (213)
Oéj € Oéj €

2 2
Then, using p; = 2p;_1 = % for j > 1 and po = ”AJL%, we can compute

A

=0 <m log <d’A!H2>> =0 <log (%) log <dHA‘€|H2>> . (215)

To bound the maximum complexity, notice that \/dpo/ao = O(1) and /dp;/a; = O( 27),

we have

Coe = max Cy = O <2m_110g <drAHH2)> o (f [ Allmas 1, <d||AuH2>> (a1e)
J € €

& - 2i=0%Y; Z duj <d||Al!1—>2> (214)

[ All1-2

where the last estimate is from p,,—1 < || Al|max according to the definition of m. O

5.1.3 Complexity

The complexity of applying transducer-based LCU to implement the above decomposition di-
rectly follows from Theorem 4.2 and Lemma 5.2.

Theorem 5.3 (Sparse block-encoding via transducer-based LCU). Let A be a d-sparse Hermi-
tian matriz with a known upper bound a > ||All and known ||Allmax, [|Allis2. Then, for any
0 < e < O(a), we can construct a block-encoding of A'/a with o = ©(a) and ||[A" — A|| < O(e),
using

\/gHAHmaX \/aHA”l—)Z \/aHAHmax a (d”A’1—>2> a
@ + 1 1 - 1 —= 1 - 217
<< A1 o 8\ AL, )8 () Jlos (== roe () ) 1)

queries to the sparse oracle assess to A.

Proof. By Lemma 5.2, we have block-encodings Uj; of A; j/a such that HA Al < O(e), A =
> OA Since ||A|| < a, we can use 8 = O(a) as an upper bound of ||A||. Then, Theorem 4.2

gives a block-encoding of A’/(163) such that [|A’/(168) — A/(168)| < O(e/B), which in turn
implies ||A" — A|| < O(e).
According to Theorem 4.2 and Lemma 5.2, query complexity of this algorithm is

O <0max 1og( ) + Ao (1og (a))2> (218)
=0 (W log (W) log <%> (219)

A g (V) g (41812 1 (4))"). o
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A particular useful case is when the matrix A has spectral norm bounded by 1. Then we
may choose a = 1, and use the inequalities ||A|max/||A]l152 < 1 and [|A|152 < ||A]] < 1 to
simplify the expression of the query complexity.

Corollary 5.4 (Sparse block-encoding via transducer-based LCU for normalized matrix). Let
A be a d-sparse Hermitian matriz with ||A|| < 1. Then, for any 0 < e < O(1), we can construct
a block-encoding of A’ /o with « = O(1) and ||A" — Al < O(e), using

@) (x/&log (d) log <f> <log <1>>2> (221)

queries to the sparse oracle assess to A.

5.2 Sparse Hamiltonian simulation

For an evolution time 7" > 0 and a target error € > 0, the goal of the Hamiltonian simulation
problem for a Hamiltonian A is to approximate e~*7 to error e. We assume ||A| < 1 as we
can rescale the dynamics to absorb the spectral norm into the evolution time.

QSVT algorithm can solve the Hamiltonian simulation problem with O(aT + log(1/e))
queries to the block-encoding of A/a. We can directly apply our Corollary 5.4 to obtain such
a block-encoding. A nuance is that our block-encoding is not exact. By |le~*4T — e_iA/TH <
T||A—A'||, it suffices to choose the block-encoding error O(e/T') to bound the overall simulation
error still by O(e). Summarizing these discussions, we have the following result.

Theorem 5.5. Let A be a d-sparse Hamiltonian with ||A|| < 1. Then, for an evolution time T
and a target error €, there exists a quantum algorithm which implements a block-encoding of V
such that ||V — e AT || < O(e), using

ofrom)) () (1))

queries to the sparse oracle access of A.

5.3 Sparse linear system algorithm

The quantum linear system problem considers
Az = |b), (223)
and the goal of a quantum linear system algorithm is to prepare a quantum state |z) such that
[z) = |z) || <, (224)

where |z) = z/||z| is the normalized solution of the linear system. Since the goal is the
normalized solution, we assume the right hand side vector |b) to be normalized without loss of
generality. For the coefficient matrix, we also assume ||A|| = 1 and denote its condition number
by k = || AJ|||A7Y||. We further restrict A to be a Hermitian matrix, and general non-Hermitian
coefficient matrix can be reduced to this Hermitian case by the standard dilation trick with the
help of one extra qubit [30]. Query complexity of a quantum linear system algorithm is counted
as the number of queries to Op and O4, and the state preparation oracle Oy : |0) — [b).

There have been several existing works which solve the quantum linear system problem
using the matrix block-encoding input model. Our sparse matrix block-encoding technique can
be naturally combined with those algorithms to improve the dependence on the sparsity.

For example, with the block-encoding of A’/«, the discrete adiabatic algorithm [27] can solve
the linear system A’z’ = |b) to error in the normalized state at most €, using O (|| A"~ log(1/e))
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queries to O, O4 and Oy,. Furthermore, for any € > 0, we can ensure ||z/|z| —2'/||2'||]| < O(e),
by choosing the error in the block-encoding to be 6 O(e/||A~!||). Putting this with Corollary 5.4
together, the query complexity becomes O(v/dk polylog(dk/e)).

Alternatively, we may apply the tunable variable time amplitude amplification (tunable
VTAA) [19] to trade off between matrix query complexity and state preparation cost. For
A’z = b, it requires O(ak log(1/p")log(log(1/p")/€)) queries to the block-encoding of A’/a, and
O(1/y/i) 0 Oy, where 1/y/5 = LA /| A [6) | Using LA™ 1/ ) || ~ L A=1]1/14~ [b) ],
| A’ ~ ||A~Y|, and choosing a similar block-encoding accuracy as in the discrete adiabatic
approach, we can also solve Az = |b) with error at most O(e).

We summarize these two approaches in the following result.

Theorem 5.6. Let A be a d-sparse Hermitian matriz with ||A|| = 1 and condition number k,
and |b) be a normalized vector. Then, for any e < O(1/k):

—1
1. The discrete adiabatic algorithm can prepare a quantum state |T) such that || |§5>—% | <

o <m/&10g (d) log <d€”> (1og (g))2 log C)) (225)

queries to the sparse oracle access to A and the state preparation oracle of |b).

O(e), using

2. Alternatively, the tunable VIAA approach can achieve the same goal, using

19 (m/&log (d) log <d:> (log (g))Q log (;) log <1°g(61/p)>> (226)

queries to the sparse oracle access to A, and

o (\}ﬁ) (227)

queries to the state preparation oracle of |b). Here 1/\/p = |[A7Y|/|[A71[b) |, and we
assume an estimate of |A™L|b) || up to constant multiplicative error is known a priori.

6 Conclusion and outlook

In this work, we developed a transducer-based LCU framework that replaces the multiplica-
tive worst-case cost dependence of standard LCU by a weighted-average dependence under a
shared primitive-access assumption. We also developed resolvent-based tools for composing and
implementing transducers, and applied the resulting framework to sparse matrices, obtaining
near-optimal query complexities for sparse Hamiltonian simulation and quantum linear systems
up to polylogarithmic factors.

A natural first direction is to extend the ideas developed here beyond LCU to QSVT.
QSVT is a considerably more general framework for quantum matrix algorithms, and it would
be interesting to understand whether transducer techniques can similarly exploit nonuniform
costs within QSVT constructions and lead to refined complexity bounds. Such an extension
could potentially provide a systematic route to further applications.

A second direction is to further develop the transducer framework itself. Our analysis
identifies the resolvent norm K (S) as a useful complexity measure alongside the catalyst com-
plexity. It would be interesting to clarify the relation between these two measures, establish
sharper bounds for the resolvent norm under transducer composition, and determine whether
the O(K(S)log(1/e)) complexity of our finite-reuse implementation can be further improved.

5This claim can be proved as follows. Let ||A’ — A|| = 6 and write A’ = A+ E, u = z/|jz||, v = '/||'|,
and r = ||z||/||z’||. Since x = 2’ + A" 'Ex’ and ||ru — v|| < §||A7!|| (we force 6]|A7Y|| < 1/2), we can bound

Re (ufv) > ZH=CIAZID® > /T (G[A-1[[}2. Then the claimed bound follows from [lu—v|| = /2 — 2 Re {u[v) =

O@[A7HD).
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This work involved extensive interaction between the authors and a large language model (LLM).
The authors initially aimed to develop a quantum algorithm for sparse linear systems with
optimal dependence on all relevant parameters. During this stage, the LLM was used for
brainstorming and suggested using the original transducer framework [21], which could achieve
the desired sparsity dependence but not the target precision dependence. After the appearance
of [23], the authors recognized that an improved implementation of transducers could yield
better precision dependence and discussed this idea with LLM. The LLM then assisted in
developing an early version of sparse linear system solver with near-optimal dependence on all
parameters.

While refining that early version, the authors realized that the techniques could be extended
to the broader task of LCU. The authors consequently shifted the motivation and focus of the
work to developing an improved LCU primitive through the transducer framework, with sparse
matrix functions serving as applications. The authors formulated the central idea and key
steps of the transducer-based LCU algorithm, while the LLM assisted with the analysis and the
development of technical results. Building on these discussions, the authors further developed
and refined the analysis and proofs.
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Polynomial approximation of the inverse Cayley transforma-
tion and amplification

We use the following result on polynomial approximations of analytic functions.

Lemma A.1 (Corollary 66 of [14]). Let xg € [—1,1], r € (0,2], n € (0,7], and let f: [xog —1r —
1, To+7+n] — C be such that f(wo+z) = > ooy apx’ for allx € [-r—mn, r+n]. Suppose B > 0

is such that > 0% (r +n)flas] < B, and let € € (0

,ﬁ]. Then there is an efficiently computable

polynomial Pe Clx] of degree O(% log %) such that

Hf - ﬁ”[mg—r,mg—i—ﬂ <e and HﬁH[ <e+ B. (228)

—1,1]
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Lemma A.2. For any 0 < p < 1/4 and 0 < 6 < 1/2, there exists a real odd polynomial P(x)
such that

|P(z)| <%, Vzel[-1,1], (229)
‘P (ﬁ%) _ 12/}' <5, Whel-p gl (230)
deg(P(z)) = O (/1) log (i)) . (231)

Proof. Let g(z) = ﬁ For |b| <1, a direct computation gives g(li—%z) = b, and ‘1_%—1;2‘ <

2p whenever |b| < p. Hence it suffices to approximate f(x) := g(x)/(16p) on [—2p,2p]. Since
g(x) =1 -V1-2?)/z =37, cpx® =1 with ¢, > 0 for |z| < 1, the coefficients ay of f satisfy

S (4p) ) = 22)

: 232

|

Let € == min{d,1/16}. Applying Lemma A.1 with 29 = 0, r =71 = 2p, B =1/4 and € = ¢
yields a polynomial P of degree O(p~!1og(1/d)) such that

If = Plli—2p2s <o and ||P|l_yy <eo+§ < 15 (233)

Since f is real and odd, the odd part of the real part of P, i.e. P(x) = 2 (Re P(z)—Re ﬁ(—x)),
satisfies the same bounds. Specifically, we have

HP”[*L” < % and Hf - P||[f2p,2p] <€ < 5; (234)

which completes the proof. O

B A simple explanation of the construction in Lemma 3.2

The construction in Lemma 3.2 admits a natural interpretation in terms of a random walk on
a directed cycle. We illustrate this for L = 3. Consider

0 0 W
S=(v% o o]. (235)
0 Vi 0

This operator, inspired by (33), can be viewed as a one-step walk operator on a directed cycle
with vertices 0, 1, 2, where the transition from vertex j is accompanied by the unitary V;. Indeed,

0)® |z) 2 1) @ Volz) S 12) @ ViVo |z) 2 |0) @ VaViVp |a) . (236)
Equivalently, if
T Vax
Sluul=lwn |, V =Wm"nh, (237)
Y2 Y2

then y; = Vpx, yo = V1 Vpa. The same picture extends to the composition of transducers. Let

D; E;
5 = <Bi T) (238)
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and consider the direct sum Sy @ S1 @ S3. Grouping the public variables first and the private
variables second, we have

xo Doxo + Eoyo
1 D1z + Ehn
T2 | So@s1@52. | Daza + Eoya

PLO22 239
Yo Boxo + Toyo (239)
Y1 Bixzi1 + T
Y2 Boxo + 1oy

To reproduce the directed cycle 0 — 1 — 2 — 0, we cyclically shift only the public outputs
while leaving the private outputs at their original vertices. This gives

Doxo + E2y2 0 0 Dy O 0 FEs o)
Dozo + Egyo Dy O 0 Ey O 0 €
Dix1 + Ein _ 0 D O 0O FEi O T2 (240)
Boxo + Toyo By 0 0 T O 0 yo |
Bizi + Ty 0 B 0 0 Ty 0 U1
Baoxo + Thyo 0 0 By O 0 Ty Y2
This is exactly the construction in (47) for L = 3.
This walk interpretation also helps explain the bound on K(.S). Consider
h1 al
ho as
(I - T) Vo = bo . (241)
V1 by
()] b2
Writing
Rj=(I-T)"", T;=R;B (242)
the local private equations give
Vo Ry 0 O bo 0
v | = 0 R O bi ] + 1Ty (243)
V2 0 0 R2 bQ chg

which is exactly (65). The first term is purely local and is therefore controlled by

max || Ry | = max K (S)). (244)
J J

The second term is generated by the intermediate clock variables hy, ho, which collect residuals
propagated along the directed walk. To be a little more exact, the second term is generated by
the intermediate clock variables h1, ho. These variables themselves contain residuals propagated
from earlier vertices. Indeed,

hi=a1+ V(]Fg;bo, ho = Vihi +ag + Vll“Ibl. (245)

Thus a local residual b; first enters the clock propagation through the map I’;r-, is transported
along the directed walk by the unitaries V;, and is finally lifted back into the local private
variables through the maps I';. Since the Vj’s are unitary, the propagation itself does not
increase the norm, while the entrance and exit maps are controlled by ||I';|| = \/w(S;). More
precisely, the map from a pair of residuals (a;,b;—1) to the corresponding clock source has norm

at most
H(I Vj_lrj_l)H < 1+ maxw(S)), (246)
J
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whereas reconstructing the public/private pair h; — < ‘ > costs another factor of at most

J
Ljh;
/1 + max; w(S;). The residuals can propagate through at most 2 = L — 1 intermediate clock
positions. Consequently, the propagation contribution is bounded by

2(1+ m?xw(sj)). (247)
Thus the bound on K (S) in Lemma 3.2 naturally separates into a local elimination contri-
bution, governed by max; K (.S;), and a propagation contribution arising from the accumulation
of residuals along the clock path. The former reflects the worst local sensitivity of the individ-
ual transducers. Regarding the latter, the factor L — 1 comes from propagation through the
intermediate clock variables, whereas w(S;) = ||T';]|? controls the coupling between the clock
variables and the corresponding local private spaces. In this sense, the two terms represent
two distinct mechanisms: local Schur elimination and global propagation along the clock. This
decomposition is essentially tight at the level of scaling: in general, neither the dependence on
max; K (S;) nor the linear accumulation in L and 1+ max; w(S;) can be removed.

Connections to products of block-encodings. The clock construction in Lemma 3.2 pro-
vides a query-efficient method for composing multiple transducers. Here we describe an al-
ternative sequential construction, which is more closely related to the usual composition of
block encodings [14]. Although this construction does not necessarily improve the worst-case
bound on K (S) compared with the clock construction, its Schur-complement structure reveals
a different multiplicative behavior of the resolvent norm.

We start from the case L = 2. Let

_ (D Ej -
SJ_(Bj T]) j=0,1, (248)

be transducers of V; with catalyst maps I';. We embed them into the common space H ., ©
Ho ® H1 and define

R Dy Eg O R Dy 0 Ey
So=|Bo To 0], S;=(0 I 0]. (249)
0 0 I By 0 Ty
The sequential composition A
Sseq = S150 (250)

is a unitary operator. One may realize that Sseq is indeed the standard way of constructing
block-encodings of the product D1 Dg. Define the catalyst map

o Pol'
Fseqz = <F1Vg:c) . (251)
Using D; + E;I'; =V}, B; + T;1'; = I'j, one directly verifies that
T ~ (ViVpx
Soca (Fseqx> a <Fseqx> ' (252)
Hence Sgeq is a transducer of the product V' = V1 Vp. The private block of Sgeq is
[ T 0
Tseq - <B1E0 Tl) N (253)
Therefore,
R 0
_ -1 _ 0
(I Tseq) (RlBlEORO R]_> b (254)
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where R; = (I — Tj)~!. Using the transducer identities R;B; = I'; and E;R; = le“;, the
off-diagonal block becomes Ry B1EyRy = FlVoF(T). Hence ||R1B1EoRo|| < /w(S1)w(Sp). Con-
sequently,

K (Sseq) = (I = Tueq) ™| < max{K(So), K (S1)} + v/w(So)w(S1). (255)

Compared with the clock construction, the propagation term depends on the geometric mean
of the catalyst complexities rather than the worst-case catalyst weight.

The above phenomenon also appears for L > 3. We briefly discuss the case L = 3. Now we
introduce three private spaces and define

Dy Eo 0 0 Dy 0 Ey 0 Dy 0 0 Ey
5~ | By To 0 0 ~ |lo 1 0 0 ~ |lo 10 0
=19 o 10| 57 B, 0T, 0’ =109 01 o0 (256)
0 0 0 I 0 0 0 I By 0 0 Ty
Set R
Sseq = 525150, (257)

which corresponds to the block-encoding of Dy D1 Dg. The corresponding catalyst map is

F0$
Teqz = | TiVor | . (258)
[oViVor

Again, applying the defining relations of each transducer gives

z \ _ (VoViVoz
e (1) = (Tt ) z5)

Thus the sequential construction realizes the desired product action. A similar calculation shows
that the following bound

K (Sseq) S max K (S5) + /w(So)w(S1) + v/w(S1)w(S2) + vw(So)w(S2)w(S1).  (260)

In summary, the sequential construction has a close connection with the standard product
of block-encodings. This connection provides a natural Schur-complement interpretation of
products of block encodings and reveals a multiplicative coupling structure in the resolvent
norm K (S). However, the resulting K (S) bound can be worse due to the appearance of higher-
order products of catalyst weights.

In contrast, the clock construction in Lemma 3.2 is motivated by the core idea of LCU: all
components are coherently selected within an enlarged Hilbert space, while the intermediate
computation is stored in the private space. Although this construction may lose some of the
finer multiplicative structure of the sequential composition, it has important algorithmic ad-
vantages. Under the shared primitive-access assumption 2.1, the select oracle of the individual
transducers can be implemented efficiently, so the whole composed transducer can be realized
with a single coherent query to the underlying primitive oracles. Consequently, the action
can be implemented with cost O(K(S)log(1/¢€)) described in Theorem 3.5. For the sequential
construction, implementing the product requires applying each S; individually, resulting in an
additional factor depending on the composition length L.
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